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 الملخص

في هذا البحث ندرس الهجهد والهحدانية للحل السعتدل للسعادلات التكاملية التفاضلية           
 .غير الخطية مع الذروط غير السحلية في فزاء باناخ فريدههلم –السختلطة من نهع فهلترا 

ة ظرية شبه الزمر تحليلشا يدتشد على ن .حل السعتدلبالإضافة الى ذلك ندرس الاعتساد السدتسر لل
  .ناخ للشقطة الرامدةاومبرهشة ب

Abstract 

     In this paper, we study the existence and uniqueness of a mild solution 

of a nonlinear mixed Volterra – Fredholm integro-differential equation 

with nonlocal condition in Banach space. Furthermore, we study 

continuouce  dependence of mild solution. Our analysis is based on 

semigroup theory and Banach fixed point theorem.                                                                  
Keywords 

          Existence and uniqueness ; mild Solution ;     semigroup ; mixed 

Volterra – Fredholm ; integrodifferential equation ; continuous 

dependence ; nonlocal conditions.                                                               
1. Introduction  

           Byszewski [ 2 ] has studied the existence and uniqueness of mild, 

strong and classical solutions of the differential nonlocal Cauchy  

problem of the form                                                                                                   
  ( )

  
   ( )   (   ( ))    ,     -   

  (    )    (           ( ) )           

Where                          (     )     is the infinit- 

esimal generator of a    semigroup   ( )      in a Banach space 

               ,   -          ,    -        are given 

functions. Several authors have investigated the same type of problem to 

a differential classes of abstract differential equations in Banach spaces 
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,             -  The purpose of this paper is to prove the existence, 

uniqueness and continuous depenence of mild solution of a nonlinear 

mixed Volterra – Fredholm integrodifferential equation with nonlocal 

condition of the form                                                                                     

  (   )    (   )    
  (      ∫  (   ) (    )   

 

 
 ∫  (   ) (    )   )

 

 
    ,   -     (   )  

 ( )   0 .          /  1  (   )     (   )      ,    -              (   ) 
Where                    (   )    is the infinitesi- 

mal generator of a    semigroups   ( )      on a Banach space  E,   

      ,   -                ,   -               

     ,   -     ,   -   ,   -       
2. Preliminaries and Hypotheses : 

       Let E be a Banach space with norm ‖ ‖. Let    (,    -  ), 

       , be a Banach space of all continuous functions 𝜓 : ,    -  
  endowed with the supremum norm                                            

‖𝜓‖
 

     {‖𝜓( )‖            }  
        (,    -  )      be the Banach space of all continuous         

functions    ,    -    with the supremum norm                                    

‖ ‖      * ‖ ( ) ‖           +. For any     and   ,    -  

we denote     the  element of X  given by                                             
  ( )   (   )        ,    -  
 , -Definition 2.1 

A function                  
       ( )   ( ) ( )   ( ) 0 .         /1 ( )     
    ∫  (   ) (      ∫  (   ) (    )   ∫  (   ) (    )  )   

 

 

 

 

 

 
    

                                                                                         ,   -   

       ( )   ( )   0 .          /1 ( )             ,    -   
Is called the mild solution of the nonlocal Cauchy problem (1.1) - (1.2) 
Theorem     , - 

       Let T be an operator from normed space E to a normed space S, then   
T is continuous iff T is bounded. 

We need the following integral inequality, often referred to as 

Gronwall - Bellman inequality [4]                                                                        
          

Let u and f  be continuous functions defined on     and c be nonegative 
constant. If  ( )    ∫  ( ) ( )  

 

 
           ,then 

 ( )        .∫  
 

 
( )  /          .  

          Assume that        ,   -‖ ( )‖ ( ). In this sequel the operator 
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     ‖ ‖ ( ) will be denoted by ‖ ‖  

          We list the following hypotheses :      
(  )                          ,   -  (          )   (,   -  ) . 

There exists a constant        such that (  )  

            ‖ (          )   (          )‖   

                     (‖   ‖ (,    -  )  ‖   ‖ (,    -  )  ‖   ‖ (,    -  ))  
                                          ,   -     
(  )                                               

          ‖ (    )   (    )‖   ‖   ‖ (,    -  )  
          ‖ (    )   (    )‖   ‖   ‖ (,    -  )  

                    ,   -    
(  )                                                   

          | (   )|               | (   )|                                 ,   - 
(  )                                              

‖0 .         /1 ( )  0 .         /1 ( )‖   ‖   ‖    
            ,    -  

(  )       ,         -     
(  )                                                        

                   
  ,   -

‖ (       )‖         
  ,   -

‖ (   )‖   
       

  ,   -
‖ (   )‖         

  ,    -
‖0 .         /1 ( )‖   

 

3. Existence of mild solution 
         Theorem (   ) 
            Suppose that the hypotheses ,  -  ,  -  holds, then the nonlocal 
Cauchy problem (   )  (   ) has a unique solution.  

  Proof 

Define an operator  F on the Banach space Y by the formula 
 

(  )( )  

{
  
 

  
  ( )  0 .         /1 ( )           (    )                 (   )

 ( ) ( )   ( ) 0 .         /1 ( )                                        

 ∫  (   ) (     ∫  (   ) (    )                                   
 

 

 

 

∫  (   ) (    )  )               ,   -                         (   )
 

 

         

   

           Now, We show that F maps Y  into itself. let  ( )    and by 

hypotheses (  ) and from  (   ), We have 

‖(  )( )‖  ‖ ( )  0 .         /1 ( ) ‖ 
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                     ‖ ( )‖  ‖0 .         /1 ( ) ‖ 

                      ‖ ‖                                            ,    -                    (   ) 

From (   ) and hypotheses  (  )  (  ), we get 

‖(  )( )‖  ‖ ( )‖‖ ( )‖  ‖ ( )‖‖0 .         /1 ( )‖   

 ∫ ‖ (   )‖‖ (     ∫  (   )
 

 
 (    )   ∫  (   ) (    )  

 

 
)‖   

 

 
  

‖(  )( )‖   ‖ ‖       
                       ∫ [‖ (     ∫  (   )

 

 
 (    )   ∫  (   ) (    )  

 

 
)  

 

 

                       (       )‖  ‖ (       )‖]         
  ‖ ‖       
  ∫ [ (‖   ‖ (,    -  )  ‖∫  (   )

 

 
 (    )    ‖  

 

 

               ‖∫  (   ) (    )  
 

 
  ‖    )]         

   ‖ ‖        ∫ [(‖ ‖ (,    -  )  ∫ | (   )|
 

 
‖ (    )  

 

 

 (   )   (   )‖    ∫ | (   )|‖ (    )   (   )   (   )‖  
 

 
)  

   ]     
‖(  )( )‖   ‖ ‖       ∫ [ (‖ ‖ (,    -  )   ∫ ‖ (    )  

 

 

 

 

 (   )‖    ∫ ‖ (   )‖    ∫ ‖ (    )   (   )‖   
 

 

 

 

  ∫ ‖ (   )‖  )    
 

 
]     

  ‖ ‖       ∫ [ (‖ ‖ (,    -  )     ‖ ‖ (,    -  )  
 

 

           ‖ ‖ (,    -  )      )    ]    

‖(  )( )‖   ‖ ‖       ,  ‖ ‖       ‖ ‖         
      ‖ ‖           -  

  ,‖ ‖     ‖ ‖ (                          )
    -                                                                                                              (   ) 

  From (3.3)and (3.4), we have 
‖(  )( )‖ is bounded by using the Theorem (   ) 
This shows that      Y, thus the operator F maps Y  into itself. Now, we 

shall show that F is a contraction on Y.  

Let  ( )  ( )     , and from the hypotheses (  )  (  ),we get 

(  )( )  (  )( )   ( )  0 .         /1 ( )   ( )   
 0 .         /1 ( ) 

  0 .         /1 ( )  0 .         /1 ( )                                    (   ) 

                        ,    -  
     (   )           

(  )( )  (  )( )   ( ) ( )   ( ) 0 .          /1 ( )  

 ∫  (   )[ (     ∫  (   ) (    )   ∫  (   ) (    )  
 

 

 

 
)]   
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 ( ) ( )   ( ) 0 .         /1 ( )  

∫  (   )[ (     ∫  (   ) (    )   ∫  (   ) (    )  
 

 

 

 
)]  

 

 
   

(  )( )  (  )( )  

 ( ) ( 0 .         /1 ( )  0 .         /1 ( ))    

 ∫  (   )[ (     ∫  (   ) (    )   ∫  (   ) (    )  
 

 

 

 
)  

 

 

 (     ∫  (   ) (    )   ∫  (   ) (    )  
 

 

 

 
)]                             (   )   

                                     ,   -  

     (   )                (  )          

‖(  )( )  (  )( )‖   ‖   ‖                                                           (   )  
                                 ,    -    

From (3.6) and hypotheses (  )  (  ) we get 
‖(  )( )  (  )( )‖  

 ‖ ( )‖‖0 .         /1 ( )  0 .         /1 ( )‖             

∫ ‖ (   )‖‖ (     ∫  (   ) (    
 

 
)   ∫  (   ) (    )  

 

 
)  

 

 

 (     ∫  (   ) (    
 

 
)   ∫  (   ) (    )  

 

 
)‖    

   ‖   ‖    ∫ [‖   ‖ ,(    )  -  ∫ | (   )|‖ (    )  
 

 

 

 

 (    )‖   ∫ | (   )|‖ (    )   (    )‖  
 

 
]    

   ‖   ‖    ,‖   ‖ (           )-  

 ,      (         )-‖   ‖                                             (   )  

From (3.7 )and (3.8), we get the inequality 

‖(  )( )  (  )( )‖   ‖   ‖                                                           (   )  
         ,      (         )-              
    The inequality (3.9) shows that F is a contraction  on Y.Consequently, 

the operator F satisfies all the assumptions of the  Banach contraction 

theorem. Therefore, in space Y there is a unique fixed point for F and this 

point is the mild solution of the nonlocal Cauchy problem (   )  (   ) . 
4. Continuous dependence of a mild solution     

Theorem (4.1)   
          Suppose that the functions  f, g, k, u  and v satisfy the hypothesis 
,  -  ,  - Then for each         X and for the corresponding mild 

solution        of the problem    
     ( )   
 .     ∫  (   ) (    )   ∫  (   ) (    )  

 

 

 

 
/    ,   -            (   )  

 ( )  0 .         /1 ( )    ( )   ,    - (     )             (   )  

 The following inequality 

‖     ‖   
     (     )

[   (       )    (     )]
 ‖     ‖                           (   )  
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              (      )    (     )      

Proof : 
              (     ) be arbitrary functions belonging to X and let 
   (     )  be the corresponding mild solutions of problems 

(   )  (   )       
   ( )    ( )   ( ),  ( )    ( )-  

  ( ) (0 .(  )     (  )  /1 ( )  0 .(  )     (  )  /1 ( ))   
∫  (   )[ (  (  )  ∫  (   ) (  (  ) )   ∫  

 

 

 

 
(   ) (  (  ) )  )

 

 
  

  (  (  )  ∫  (   ) (  (  ) )  
 

 
 ∫  (   ) (  (  ) )  

 

 
)]       (   )  

  ,   - 
and for     ,    -,  we have     

  ( )    ( )   ,  ( )    ( )-  (0 .(  )     (  )  /1 ( )  

0 .(  )     (  )  /1 ( ))                                                                         (   )  

By hypotheses (  ) (  )  and  (   ) we have    

‖  ( )    ( )‖   ‖     ‖    ‖     ‖    ∫ [‖   
 

 

  ‖ (,    -  )  ∫ | (   )|‖ (  (  )   (  (  ) ‖   
 

 
   

∫ | (   )|‖ (  (  ) )   (  (  ) )‖  -  
 

 
  
  ‖     ‖    ‖     ‖    ∫ [‖     ‖ (,    -  )  

 

 

      ∫ ‖     ‖ (,    -  )     ∫ ‖     ‖ (,    -  )  
 

 

 

 
]     

  ‖     ‖    ‖     ‖        ‖     ‖   

      ∫ [‖     ‖ (,    -  )     ‖     ‖ (,    -  )]  
 

 
  

 ‖     ‖   (       )‖     ‖   
  (     ) ∫ ‖     ‖ (,    -  )                    

 

 
  

            

   
  ,   -

‖  ( )    ( )‖   ‖     ‖   (       )‖     ‖  

   (     )∫ ‖     ‖ (,    -  )   
 

 
     ,   -                           (   )  

By hypotheses (  )     (   )  we have 

‖  ( )    ( )‖  ‖     ‖   ‖     ‖    ,    -         (   )   

          (   )     (   )           
‖  ( )    ( )‖ (,    -  )    ‖     ‖    (       )   

‖     ‖    (     )∫ ‖     ‖ (,    -  )                             (   )
 

 
  

For     ,   -.Therefore by Gronwalls inequality we get 

‖     ‖  , ‖     ‖  

                         (       )‖     ‖ - 
   (     )   
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‖     ‖ [   (       )    (     )]  

                                                                                     ‖     ‖      (     )  

‖     ‖  
     (     )

[   (       )    (     )]
 ‖     ‖   

Hence the proof  is complete.   
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