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 الملخص
-لتكلامليةةومعةةلاد ا ا أنظمةةو ال بعض لةة ب الحلةةتا الروريةةو يةة يتضمن البحث دراسةةو ودةةتد و    

خطيةةةةو وبلةةةةةم طلاسةةةةتخراي   ي ةةةةو الت  يةةةةب المتتةةةةةلاط  للحلةةةةتا الروريةةةةو للمعةةةةةلاد ا ال التفلاضةةةةليو   ةةةة  
وكةةكلم  ةةهده اةةكا الرراسةةو الةةو  ح ةة ن و تسةةي   .A. M. Samoilenkoالتفلاضةةليو ا يتيلاد ةةو لةةة 

 الط ي و أيلاا.
ABSTRACT 

In this paper we investigate the existence and approximation of the 

periodic solutions for certain systems of nonlinear integro-differential 

equations, by using the method of successive periodic approximation of 

ordinary differential equations which is given by A. M. Samoilenko. Also 

these investigation lead us to the improving the extending the above 

method. 

Introduction 

Consider the following system of integro-differential equation, 

which has the form: 

( ) ,)(),(,,,,













= 

−

t

Tt

dssxsxsgxxtf
dt

dx
                                              … … (1) 

where nRDx  ,  D  is a closed and bounded domain.  

The vectors functions ( )vxxtf ,,,   and ( )xxtg ,,  are defined on the 

domain: 

( ) 21
1,,, DDDRvxxt   

                21),( DDD −=                                                  … … (2)  

which are continuous in ( )vxxt ,,,    and periodic in t of period T , where 

1D  and 2D  are bounded domains subset of Euclidean space mR .  

 Let the functions ( )vxxtf ,,,   and ( )xxtg ,,  are satisfy the following 

inequalities: 

( ) Mvxxtf ,,,         ,         ( ) Mxxtg ,,    ,                                … … (3) 

( ) ( ) 213212211222111 ,,,,,, vvKxxKxxKvxxtfvxxtf −+−+−−   , 

                                                                                                       … … (4) 
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 ( ) ( ) 2122112211 ,,,, xxLxxLxxtgxxtg  −+−−  ,                       … … (5) 

for all  
1Rt    and  Dxxx 21,,  , 121 ,, Dxxx    and  221,, Dvvv   ,  

where M is appositive constant vector and 21321 ,,,, LLKKK , are )( nn  

constant matrices,  
 

.max.
,0 Tt

=


 .  

 

We define the non-empty sets as follows: 
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                                      … … (6) 

 

Furthermore, we suppose that the greatest eigen-value of the matrix 

( ) ( )







+++= TLKK

T
TLKKW 232131 2

2
 dose not exceeds unity, i.e. 

1)( Wj   ,  ( )nj ,...,2,1= .                                                          … … (7)  

Lemma 1 :  

Let )(tf  be a continuous vector function defined in the interval 

 T,0 , then: 


)()()(

1
)(

0 0

tftdsdssf
T

tf
t T















−   ,  

where  







−=

T

t
tt 12)(    and   

 
)(max)(

,0
tftf

Tt
=


. 

For the proof see ] 4  [ .    

Approximation Solution of (1) 

The investigation of periodic approximation solution of the system 

(1) makes essential use of the statements given below. 

Theorem 1: 

If the system of integro-differential equations (1) satisfy the 

inequalities (3), (4) with assumptions (5) and the conditions (6), (7) has a 

periodic solution ),( 0xtxx = , passing through the point ),0( 0x , fDx 0 , 

then the sequence of functions: 

( )  −
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mmmmm dxxxxgxsxxsxsfxxtx
0

0000001 ),(),,(,),,(),,(,),(     
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                  ( )



















−  

−

T s

Ts

mmmm dxxxxgxsxxsxsf
T

0

0000 ),(),,(,),,(),,(,
1

   

                                                                                                       … … (8) 

with  

000 ),( xxtx =     ,    ),(
),(

0
0 xtx

dt

xtdx
m

m =     ,      m=0,1,2,…                           

is periodic in t of period T, and then is uniformly convergent as →m  

in the domain: 

ff DDRxt −= ),(),( 1
0    ,                                                … … (9) 

to the function  ),( 0xtx  defined in the domain (9), which is periodic in t  

of period  T  and satisfying the system of equations: 

( )  −



















+=

−

t s

Ts

dxxxxgxsxxsxsfxxtx
0

000000 ),(),,(,),,(),,(,),(     

                     ( ) dtdsdxxxxgxsxxsxsf
T

T s

Ts 


















−  

−0

0000 ),(),,(,),,(),,(,
1

   

                                                                                                     … … (10) 

which is a unique solution of the system (1). 

Proof: 

Consider the sequence of functions ),...,(),...,,(),,( 00201 xtxxtxxtx m  , 

defined by recurrence relation (8). Each of the functions of the sequence 

are periodic in t of period T. 

Now, by the lemma 1, we have from (8), for m=0:     

( ) +





















−−  

−

dsdxgxsf
T

t
xxtx

t s

Ts0

00001 0,,,0,,1),(    

                                ( ) dsdxgxsf
T

t
T

t

s

Ts

  












+
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 0,,,0,, 00  

                        
6

)(
2T

MtM                                                    … … (11) 

It follows that Dxtx ),( 01   for all  
1Rt    and  fDx 0 . Moreover, on 

differentiating ),( 01 xtx , we find  

( ) ( ) dtdsxsgxtf
T

dsxsgxtfxtx
T t

Tt

t

Tt

  












−














=

−− 0

000001 0,,,0,,
1

0,,,0,,),(       

and hence 
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( ) ( ) dtdsxsgxtf
T

dsxsgxtfxtx
T t

Tt

t

Tt

  












+
















−− 0

000001 0,,,0,,
1

0,,,0,,),(  

               M2                                                                             … … (12)

  

By condition (6), it follows from the last inequality that 

101 ),( Dxtx    for all  
1Rt    and  fDx 0 . 

 

Thus by induction we can prove that Dxtxm ),( 0  and 

10 ),( Dxtxm  , for all 1m  and fDx 0 . 

We have to prove that the sequence of functions (8) is uniformly 

convergent on the domain (9). 

By using (8) and (11) the following inequalities are holds: 
m

mm MWtxtxxtx )(),(),( 001 −+                                      … … (13) 

and 
m

mm MWxtxxtx 2),(),( 001 −+                                             … … (14) 

From (13) and (14) we conclude that for any 1k , we have the 

inequalities: 


−

=

+ −
1

0

00 )(),(),(
k

i

im
mkm WMWtxtxxtx    ,                      … … (15)  

and 


−

=

+ −
1

0

00 2),(),(
k

i

im
mkm WMWxtxxtx                                 … … (16) 

It follows from (15) and (16) that: 

( ) MWEWtxtxxtx m
mkm

1

00 )(),(),(
−

+ −−                    … … (17) 

and 

( ) MWEWxtxxtx m
mkm

1

00 2),(),(
−

+ −−    ,                    … … (18) 

for all 
1Rt   and  1k , where  E  is identity matrix. 

 From (17), (18) and the condition (7), the sequence of functions 

 ),(),,( 00 xtxxtx mm   is uniformly convergent in (9) as →m . 

 Let   

),(),( 00 xtxxtxLim m
m


→

=                                                               … … (19) 

and 

),(),( 00 xtxxtxLim m
m


→

=                                                                … … (20)

 Since the sequence of functions ),( 0xtxm and ),( 0xtxm  are periodic 

in t of period T, then the limiting functions ),(),( 00 xtxxtx =  and 

),(),( 00 xtxxtx  = are periodic in t of period T. 
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 Moreover, by lemma 1 and (17), (18), the following inequalities 

are holds: 

( ) MWEWtxtxxtx m
mkm

11
00 )(),(),(

−+
+ −−                 … … (21) 

and 

( ) MWEWxtxxtx m
mkm

11
00 2),(),(

−+
+ −−                      … … (22) 

for all  0m   and  
1Rt  . 

 

Finally, we have to show that  ),( 0xtx  is unique solution of the 

system (1). On the contrary, we suppose that there is at least two different 

solutions ),( 0xtx  and  ),( 0xty  of  (1).    

From (10), the following identity holds: 

( ) +−+−


),(),(
2

),(),( 0013100 xtyxtx
T

TLKKxtyxtx    

( )


 ),(),(
2

00232 xtyxtx
T

TLKK −++     … … (23) 

On differentiating (23) we should also obtain 

( ) +−+−


 ),(),(2),(),( 0013100 xtyxtxTLKKxtyxtx    

                                 ( )


 ),(),(2 00232 xtyxtxTLKK −++          … … (24) 

Inequalities (23) and (24) would lead to the estimate 

QWxtyxtx −


),(),( 00  ,                                                        … … (25) 

where 

( ) ( ) 
000232000131 ),(),(),(),( xtyxtxTLKKxtyxtxTLKKTQ  −++−+=

and  ( ) ( )







+++= TLKK

T
TLKKW 232131 2

2
 

By iteration we have  
mQWxtyxtx −


),(),( 00  ,                                                      … … (26) 

But  0→mW  as  →m , hence proceeding in the last inequality to the 

limit we obtain that ),(),( 00 xtyxtx =  which proves that the solution is 

unique, and this completes the proof of theorem 1. 
 

Existence of Solution of (1)  

The problem of existence of periodic solution of period T of the 

system (1) is uniquely connected with the existence of zeros of the 

function )( 0x , which has the form:- 

( ) dtdsxsxxsxsgxtxxtxtf
T

x
T t

Tt

  












=

−



0

00000 ),(),,(,),,(),,(,
1

)(                                                                                                                                                              

                                                                                                     … … (27) 

where ),( 0xtx  is the limit function of the sequence functions ),( 0xtxm . 
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Since this function is approximately determined from the sequence 

of functions: 

( ) dtdsxsxxsxsgxtxxtxtf
T

x
T t

Tt

mmmmm   












=

−0

00000 ),(),,(,),,(),,(,
1

)(                                                                                                              

                                                                                                     … … (28) 

m=0,1,2,… .  

 Now we prove the following theorems taking into account that the 

following inequality will be satisfied for all 1m . 

 +−+−=− 

T

mmm xtxxtxKxtxxtxK
T

xx
0

00200100 ),(),(),(),(
1

)()(




                              ( )dtxtxxtxLxtxxtxLTK mm 
 ),(),(),(),( 0020013 −+−+   

                            ( ) +−+  

T

m dtxtxxtxTLKK
T

0

00131 ),(),(
1


 

                                                ( ) −++ 

T

m dtxtxxtxTLKK
T

0

00232 ),(),(
1


  

                           ( ) ( ) ( ) MWEWTLKK
T

TLKK m 1

232131 2
2

−
−








+++  

                           ( ) MWEW m 11 −+ −=                                           … … (29) 

Theorem 2: 

If the system of equation (1) satisfies the following conditions: 

(i) The sequence of functions (28) has an isolated singular point = xx0 , 

0)( = xm .  

(ii) The index of this point is nonzero. 

(iii) There exist a closed convex domain 3D  belonging to the domain fD  

and possessing a unique singular point x , such that on it’s 

boundary 
3D  the following inequality holds: 

       ( ) MWEWx m
m

x D

11)(inf
3

−+


− ,                                                            

where ( ) ( )







+++= TLKK

T
TLKKW 232131 2

2
 and 1m . Then the 

system (1) has a periodic solution )(txx =  for 3)0( Dx  . 

Proof: 

By using the inequality (29) we can prove the theorem in a similar 

way to the theorem 1 ] 3 [.  
 

 



 

109 
 

Existence of a periodic solutions.... 

 

Remark 1:   ] 1  [     

When 1RRn = , i.e. when x is a scalar, theorem 2 can be 

strengthens by giving up the requirement that the singular point should be 

isolated, thus we have.  

Theorem 3: 

Let the functions ),,,( vxxtf  and ),,( xxtg   of the system (1) are 

defined on the interval  ba,  in 1R . Assume that for any integer 1m , 

the function )( 0xm  defined according to formula (28) satisfies the 

inequalities: 

( )

( )










−

−−

−+

−+

−+

−+

,
2

1)(max

,
2

1)(min

11
0

22

11
0

22

MT
qqx

MT
qqx

m
m

MT
bx

MT
a

m
m

MT
bx

MT
a

                                … … (30) 

where ( ) ( )TLKK
T

TLKKq 232131 2
2

+++= , and ,,, 321 KKK  21 , LL  are 

positive constants. Then the system (1) has a periodic solution of period 

T, )(txx =  for 







−+

2
,

2
)0(

MT
b

MT
ax .  

Proof: 

Let 1x  and 2x  be any two points of the interval 








−+

2
,

2

MT
b

MT
a  

such that: 










=

=

−+

−+

.)(max)(

,)(min)(

22

2

22

1

xx

xx

m
MT

bx
MT

a

m

m
MT

bx
MT

a
m

                                     … … (31) 

By using the inequalities (29) and (30), we have: 

         
( )

( ) 




−+=

−+=

.0)()()()(

,0)()()()(

2222

1111

xxxx

xxxx

mm

mm
                         … … (32) 

From the continuity of )( 0x and (31), (32), there exists a point 

x ;  21, xxx  , such that 0)( = x , and this proves the theorem. 

 

 Similar results can be obtained for other class of integro-

differential equation. In particular, the system of equations which has the 

form: 

( ) ,)(),(,,,,

)(

)(













= 

tb

ta

dssxsxsgxxtf
dt

dx
                                            … … (33) 



 

110 
 

Existence of a periodic solutions.... 

 

In this system (33), let the vector functions ( )wxxtf ,,,  , ( )xxtg ,,  

and the scalar functions a(t), b(t) are periodic in t of period T, defined and 

continuous in 21
1 DDDR  , 1

1 DDR   and 1R , 1R . Suppose that the 

functions ( )wxxtf ,,,   and ( )xxtg ,,  satisfying the inequalities (3), (4) and 

(5) and the conditions (6), with ( ) 







++−= MTLL

T
hMDfD f 212 4

2
. 

 Furthermore, the largest eigenvalue max of the matrix 

( ) ( )







+++= hLKK

T
hLKK 232131 2

2
 is less than unity i.e., 

1)(max   ,                                                                                … … (34) 

where 
 

)()(max
,0

tatbh
Tt

−=   

Theorem 4: 

If the system of equations (33) satisfies the above assumptions and 

conditions has a periodic solution )(tx = , passing through the point 

),0( 0x , fDx 0 , then their exist a unique solution which is the limit 

function of a uniformly convergent sequence which has the form: 

( )  −




















+=+

t sb

sa

mmmmm dxxxxgxsxxsxsfxxtx
0

)(

)(

0000001 ),(),,(,),,(),,(,),(     

                  ( )




















−  

T sb

sa

mmmm dxxxxgxsxxsxsf
T

0

)(

)(

0000 ),(),,(,),,(),,(,
1

   

                                                                                                     … … (35) 

with  

000 ),( xxtx =     ,      m=0,1,2,…   

The proof is similar to the theorem 1 ]1[. 
 If we consider the following sequence of functions:                          

( ) dtdsxsxxsxsgxtxxtxtf
T

x
T tb

ta

mmmmm   












=

0

)(

)(

00000 ),(),,(,),,(),,(,
1

)(   ,                                                                                                           

                                                                                                     … … (36) 

then we can state a theorem similar to the theorem 2 provided that:  
1)(max  . 

 

Also we can consider the following system of integro-differential 

equation, which has the form: 

( ) ,)(),(,),(,,,













= 

−

t

dssxsxsgstGxxtf
dt

dx
                                   … … (37)  



 

111 
 

Existence of a periodic solutions.... 

 

The vectors functions ( )zxxtf ,,,   and ( )xxtg ,,  are defined on the 

domain: 

21 DDDR =                                                                     … … (38) 

which are continuous in ( )zxxt ,,,   and periodic in t with period T , where 

1D  and 2D  are bounded domains subsets of Euclidean spaces mR .  

 Let the functions ( )zxxtf ,,,   and ( )xxtg ,,  are satisfy the following 

inequalities: 

( ) Mzxxtf ,,,         ,         ( ) Mxxtg ,,    ,                              … … (39) 

( ) ( ) 213212211222111 ,,,,,, zzKxxKxxKzxxtfzxxtf −+−+−−   , 

                                                                                                     … … (40) 

( ) ( ) 2122112211 ,,,, xxLxxLxxtgxxtg  −+−−  ,                      … … (41) 

for all  
1Rt    and  Dxxx 21,,  , 121 ,, Dxxx    and  221 ,, Dzzz   ,  

where ( )nMMMM ,...,, 21=  is a positive constant vector and 321 ,, KKK , 

and 21 , LL  are )( nn  constant matrices. A matrix ),( stG  is defined and 

continuous in 11 RR   and satisfies the condition ),(),( TsTtGstG ++= , 

with 
)(),( stestG −−  , Tts 0 , where  ,  are positive 

constants, .max.
0 Tt

=


  ,  
 

.max.
,0 Tt

=  . 

 

We define the non-empty sets as follows: 

( )
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−=
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M
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f

f
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2122

11

4
2

2

2

                                   … … (42) 

Furthermore, we suppose that the greatest eigen-value of the matrix 

















++








+=








232131 2

2
LKK

T
LKK  dose not exceeds unity, i.e. 

1)( j   ,  ( )nj ,...,2,1= .                                                         … … (43)  

Approximation Solution of (37) 

The investigation of periodic approximation solution of the system 

(37) will be introduced by the following theorem. 

Theorem 5: 

Let )(Cf  and satisfies the inequalities (39), (40), (41) with 

assumptions (42) and the condition (43) are given. Then the sequence of 

functions  ),( 0xtxm  defined by: 
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( )  −
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−

+

t s

mmmmm dxxxxgsGxsxxsxsfxxtx
0

0000001 ),(),,(,),(),,(),,(,),(     

              ( ) dsdsdxxxxgsGxsxxsxsf
T

T s

mmmm




















−  

−0

0000 ),(),,(,),(),,(),,(,
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                                                                                                     … … (44) 

with  

000 ),( xxtx =     ,    ),(
),(

0
0 xtx

dt

xtdx
m

m =     ,      m=0,1,2,…                           

convergent uniformly in   fDT ,0  to the function ),( 0xtx  whish is: 

( )  −
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t s

dxxxxgsGxsxxsxsfxxtx
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000000 ),(),,(,),(),,(),,(,),(     

               ( ) dsdsdxxxxgsGxsxxsxsf
T

T s




















−  

−0

0000 ),(),,(,),(),,(),,(,
1

   

                                                                                                     … … (45) 

provided that 

        ( )
2

),(),(
1

00
0 MT

Extxxtx m
m

−
−−


                           … … (46) 

and  

        ( ) MExtxxtx m
m

1

00
0 2),(),(

−
−−


                             … … (47) 

for all  1m   and  
1Rt  . 

Proof: 

Setting m=0 and using (44), we get:     

( ) +





















−−  

−

dsdxgsGxsf
T

t
xxtx

t s

0

00001 0,,),(,0,,1),(    

                                 ( ) dsdxgsGxsf
T

t
T

t

s

  












+

−

 0,,),(,0,, 00  

So that 

)(),( 001 tMxxtx −                                                                  … … (48) 

So that Dxtx ),( 01   for all  
1Rt    and  fDx 0 . Moreover, on 

differentiating ),( 01 xtx , we find  

( ) ( ) dtdsxsgstGxtf
T

dsxsgstGxtfxtx
T tt

  












−














=

−− 0

000001 0,,),(,0,,
1

0,,),(,0,,),(

and hence 
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( ) ( ) dtdsxsgstGxtf
T

dsxsgstGxtfxtx
T tt

  












+
















−− 0

000001 0,,),(,0,,
1

0,,),(,0,,),(

              M2                                                                              … … (49)

 From (49) and (42), we get 101 ),( Dxtx   for all 
1Rt   and 

fDx 0 . Thus by induction we can prove that Dxtxm ),( 0  and 

10 ),( Dxtxm  ,  for all  
1Rt   , fDx 0   and   m=1,2,… . 

We claim that the sequence of functions ),( 0xtxm  is uniformly 

convergent on the domain fDR 1
. 

By using (44) and (48) the following inequalities are holds: 
m

mm Mtxtxxtx −+ )(),(),( 001                                         … … (50) 

and 
m

mm Mxtxxtx −+ 2),(),( 001                                               … … (51) 

From (50) and (51) we conclude that for any 1k , we have the 

inequalities: 


−

=

+ −
1

0

00
2

),(),(
k

j

jm
mkm

MT
xtxxtx


  ,                          … … (52) 

and 


−

=

+ −
1

0

00 2),(),(
k

j

jm
mkm Mxtxxtx                                   … … (53) 

for all 
1Rt   and  1k , where  E  is identity matrix. 

 From (52), (53) and the condition (43), the sequence of functions 

 ),(),,( 00 xtxxtx mm   is uniformly convergent in the domain fDR 1
 as 

→m . Let   

),(),( 0
0

0 xtxxtxLim m
m

=
→

                                                              … … (54) 

and 

),(),( 0
0

0 xtxxtxLim m
m

 =
→

                                                              … … (55)

 Since the sequence of functions ),( 0xtxm and ),( 0xtxm  are periodic 

in t of period T, then the limiting functions ),(),( 00
0 xtxxtx =  and 

),(),( 00
0 xtxxtx  = are periodic in t of period T. 

 Moreover, by the lemma and (52), (53), the inequalities (46), (47) 

are holds. 

 

Finally, we have to show that  ),( 0xtx  is unique solution of the 

system (37). On the contrary, we suppose that there is at least two 

different solutions ),( 0xtx  and  ),( 0xtz  of  (37).    
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From (45), the following identity holds: 

+−







+−


),(),(

2
),(),( 0013100 xtzxtx

T
LKKxtzxtx



   

                                 


 ),(),(
2

00232 xtzxtx
T

LKK −







++




    … … (56) 

On differentiating (56) we should also obtain 

+−







+−


 ),(),(2),(),( 0013100 xtzxtxLKKxtzxtx




   

                                 


 ),(),(2 00232 xtzxtxLKK −







++




       … … (57)  

Inequalities (56) and (57) would lead to the estimate 

− Lxtzxtx


),(),( 00  ,                                                          … … (58) 

Where 









−








++−








+=

000232000131 ),(),(),(),( xtzxtxLKKxtzxtxLKKTL 








and  















++








+=








232131 2

2
LKK

T
LKK  

By iteration (58) we have  
mLxtzxtx −


),(),( 00  ,                                                        … … (59) 

But  0→m
 as  →m , hence proceeding in the last inequality to the 

limit we obtain that ),(),( 00 xtzxtx = , which proves the solution is 

unique, and this completes the proof of theorem 5. 

Existence of Solution of (37) 

The problem of existence solution of the system (37) is uniquely 

connected with the existence of zeros of the function )( 0x , which has 

the form:- 

( ) dtdsxsxxsxsgstGxtxxtxtf
T

x
T t

  












=

−0

0
0

0
0

0
0

0
0

0 ),(),,(,),(),,(),,(,
1

)(                                                                                                                                                              

… … (60) 

Since this function is approximately determined from the sequence 

of functions: 

( ) dtdsxsxxsxsgstGxtxxtxtf
T

x
T t

mmmmm   












=

−0

00000 ),(),,(,),(),,(),,(,
1

)( 

                                                                                                     … … (61) 

 Now we prove the following theorem taking into account that the 

following inequality will be satisfied for all  0m . 
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( ) MExx m
m

11
00 )()(
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                                          … … (62) 

Theorem 6: 

If the system of equations (37) satisfies the following conditions: 

(i) The sequence of functions )( 0xm  has an isolated singular point 
0

0 xx =  ,  0)( 0 = xm   for all  fDx 0   and  
1Rt  .  

(ii) The index of this point is non-equal’s to zero. 

(iii) There exist a closed convex domain fDD 3  and containing a 

unique singular point 
0x , such that on it’s boundary 

3D  the 

following inequality holds: 
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LKK  and 1m . Then 

the system (37) has a periodic solution )(txx =  for which 3)0( Dx  . 

Proof: 

By using the inequality (62) we can prove the theorem in a similar 

way to the theorem 5 ] 2 [.  
Remark 2: ] 2 [ 

If the set fD dose not degenerate to a point, then the − constant 

of the system (37) may be considered as the function ),0( 0x=  given 

on the set fDR 1
. The properties are defined by: 

Theorem 7: 

Let  

,: n
f RD →  

( ) dtdsxsxxsxsgstGxtxxtxtf
T

x
T t
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)(      … … (63) 

where ),( 0
0 xtx  is the limit of a sequence of periodic functions (60). Then 

the following inequalities are satisfied: 

Mx 
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                                                                                                     … … (64) 
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For any fDxxx 2
0

1
00 ,,  and 

1Rt  , where 
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1311 LKKE  and  
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2322 LKKE .  

Proof: 

From the properties to the function ),( 0
0 xtx  established by 

theorem 5, it follows that the function )( 0x  is continuous and bounded 

in the domain fDR 1
.  

By using (63), the following inequality holds: 
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and hence 
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                                                                                                     … … (65) 

Where ),( 10

0
xtx  and ),( 20

0
xtx  are the solution of the integral equation: 
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                                                                                           … … (66) 

Where k=1,2. 

From (66), we find  
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                                                                                                     … … (67) 

On differentiating ),( 10

0
xtx  and ),( 20

0
xtx , we get: 
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 ),(),(2),(),(2),(),( 2
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     … … (68) 

Using the inequalities (67) and (68) in (65) we have the inequality (64), 

and this proves the theorem. 
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