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  الملخص 

ل الـدوري لنظـام مـن المعـادلات         ـيتضمن هذا البحث دراسة وجود وتقارب الح      

 ـ ـة اللاخطي ـالتفاضلي  ـ ـة م  ـ    الاولـى ة  ـن الرتب  ـ   ـ وبـافتراض أن ك ن ـل مـن الدالتي

 ل الليبيكي وذلك  ـمقيدتين بدالتين قابلتان للتكام    و t قابلتان للقياس عند     
ةـ العددية لدراسة الحلول الدورية للمعادلات التفاضلية الاعتياديـة         ـحليليباستخدام الطريقة الت  

  .Samoilenkoاللاخطية لــ 

),,(),,,( yxtfyxtg

ABSTRACT 
In this paper we study the existence and approximation of the 

periodic solutions for a system of first order nonlinear differential 
equations by assuming that each of the functions ),,(),,,( yxtgyxtf are 
measurable at  t  and bounded by Lebesgue integrable functions. 

The numerical-analytic method has been used to study the periodic 
solutions of ordinary differential equations which were introduced by A. 
M. Samoilenko.   

INTRODUCTION  
There are many subjects in physics and technology use 

mathematical methods that depends on the nonlinear differential 
equations, and it became clear that the existence of the periodic solutions 
and its algorithm structure form an important problems in the present 
time, where many of studies treated autonomous and non autonomous 
periodic systems and specially with the integral and differential equations 
and linear and nonlinear integro - differential problems of periodic 
solutions. 

 Samoilenko [7] assumed a numerical analytic method to study the 
periodic solutions for the ordinary differential equations and this method 
include uniformly sequences of the periodic functions as in the studies 
[1,2,3,5,6]. 
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In this paper we consider the system of the non linear differential 
equations of the form:  
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 are defined, and continuous in the domain  
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and periodic in  t of period  T.  
where  represents a closed domain and bounded from the 
Euclidean space  with the assumption that the two functions 
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n×n matrices are defined in the domain ∞<≤≤<∞− Tt0,  continuous 
and periodic in  t and satisfy the following inequalities : 
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Definition 1 [7] :- 
      The system of  nonlinear differential equations (1) where the right-
hand side is defined, continuous and periodic in  t and has period T in the 
domain (2) is said to be system – T if   
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Definition 2 [7]:- 

The value of  at the point  for the following 
system: 
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Is periodic in t of period T is called a constant - ∗∆  for the system (1) 
through at the point oo yyxxt === ,,0  if   is unique at that point. ∗µ
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Section One : The periodic approximate solution 
for the  system (1) 

 Lemma 1 :- 
             Assume that each of ),,(),,( yxtgandyxtf  are vector functions, 
continuous and defined in the interval [0,T], then the inequality  
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Proof  :- 
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and also 
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from (1.2) and (1.3) we conclude that the inequality (1.1) holds for 
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Theorem 1:- 

If the system (1) which satisfies the inequalities (3),(4),(5)  and  the 
conditions (11), (12) has a periodic solution , 

 passes through the point , then the sequences of 
functions:- 
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to the limit functions  which are defined, 
continuous and periodic in t of  period  T  in the domain (1.6) satisfy the 
system of integral equations  
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which are a unique solution of the system (1)  provided that: 
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Proof :- 
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and this gives  for all 11 ),,( Dyxty ∈oo gf DyDx ∈∈ oo ,  
By using the mathematical induction we can prove the truth of the 

following inequalities for  1≥m
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and then the relation (1.18) as certain on the convergence of sequences of 
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functions on the domain (1.6). )],,(),,,([ oooo yxtyyxtx mm

Let 

)19.1........(
),,(),,(lim

),,(),,(lim

⎪⎭

⎪
⎬

⎫

=

=

∞→

∞→

oo
o

oo

oo
o

oo

yxtyyxty

yxtxyxtx

mm

mm

 
since each of the sequences of  the functions (1.4),(1.5) are continuous 
and periodic in t of  period  T  then the limiting of  (1.4)  and  (1.5) are 
continuous and periodic in t of  period  T  and  

),,(),,(,),,(),,( oooo
o

oooo
o yxtyyxtyyxtxyxtx ==  

 
68 



 R.N.Butris & Merna Adel Aziz 

Thus by lemma 1 and the relation (1.19), the inequality (1.9)  is 
satisfied for m = 0,1,2,…… 

Now we prove that , are unique solution for 
the system (1) by contradiction . 
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Section Two : The existence of the periodic solution 
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Since these functions is approximately determined from the sequence of 
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where  m=0,1,2,……. 
 
Theorem 2:- 
     Under  the assumptions of  theorem 1 we have  the following 
inequalities: 
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 Where ∗∗∗∗
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C
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and .  denote to the scalar  product in the Euclidean space nR . 
 
Proof :- 

By  equations (2.1), (2.3) and the condition (1.9) we have 
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also by using equations (2.2), (2.4) we have  
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Remark 1 :- 
When 1RRn = , i.e when x and y are a scalar points, thus we have 
 
 
Theorem 3:- 

Let the functions ),,( yxtf  and ),,( yxtg  of the system (1)  are 
defined  on the intervals [a, b] ,[c, d] in R1 and for any integer  the 
functions (2.3), (2.4) satisfies the inequalities: 

1≥m
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then the system (1) have periodic solutions 

 ),,(),,,( oooo yxtyyyxtxx ==

for  ],[ hbhax −+∈o   and  . ],[ * ∗−+∈ hdhcyo
 
Proof :- 
       Let  be any two points in the interval 21, xx 12 ,],[ yyandhbha −+  
be any two points in the interval ],[ ∗∗ −+ hdhc  such that 
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by using the inequalities (2.5),(2.6),(2.7),(2.8) we have  
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and from the continuity of the functions  and the 
inequalities (2.11), (2.12) then there exist an isolated singular point 

,  where 

. 

),(,),( 21 oooo yxyx ∆∆

),(),( oo
oo yxyx = ],[],[ 2121 yyyandxxx ∈∈ oo

0),(,0),( 21 =∆=∆ oooo yxyx
That is   and ),,( oo yxtx= ),,( oo yxty =  a periodic solutions of the system 
(1), for . ],[,],[ * ∗−+∈−+∈ hdhcyhbhax oo
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Theorem 4 :- 
    Let  

)14.2(..........))],,(),,,(,(

),,()([),(

,:

)13.2(..........))],,(),,,(,(

),,()([),(

,:

0

)(
2

2

0

)(
1

1

dtyxtyyxtxtg

yxtytDe
Ee

Cyx

RDD

and
dtyxtyyxtxtf

yxtxtBe
Ee

Ayx

RDD

T
tTC

CT

n
gf

T
tTA

AT

n
gf

oo
o

oo
o

oo
o

oo

oo
o

oo
o

oo
o

oo

+

+⎟
⎠
⎞

⎜
⎝
⎛

−
=∆

→×∆

+

+⎟
⎠
⎞

⎜
⎝
⎛

−
=∆

→×∆

∫

∫

−

−

 
where  and  are the limiting functions of the 
periodic sequence (1.4) and (1.5), then the following inequalities  
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Proof  :- 
From the properties of the functions ,   that  

theorem 1 then each of the functions 

),,( oo
o yxtx ),,( oo

o yxty
,),(11 oo yx∆=∆ ),(22 oo yx∆=∆ , 

continuous and bounded by non negative constants 
, and from the relation (2.13) we find that:  
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since that  satisfy the integral equation (1.7)  and by using 
lemma1 we have: 
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since that  satisfy the integral equation (1.8) and by using 
lemma1 we find that 
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where  k =1,2. 
 since satisfies the two equations (1.7),(1.8) on 
arrangement. 
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from the relation (2.24) we find that  
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also from the relation (2.25) we find that  
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by substitutions the inequality (2.27) in the inequality (2.26) we obtain  
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 by substitutions the two inequalities (2.28),(2.29) in the inequality (2.23) 
we obtain (2.17). 
also by the relation (2.14) we find that  
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by substitutions the inequalities (2.28),(2.29) in the inequality (2.30) we 
obtain (2.18) 
 
Remark 2 :-   

By [4], we conclude that theorem 4 insures the stability of the 
solution for the system (1) of non linear differential equations since a 
slight change in the point leads to a slight change in the functions  ),( oo yx

),(,),( 2211 oooo yxyx ∆=∆∆=∆ . 
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