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  الملخص

یتـــضمن البحـــث دراســـة وجـــود وتقـــارب الحلـــول الدوریـــة لنظـــام مـــن المعـــادلات التفاضـــلیة 
العددیــة - ذات شـروط حدودیــة، وذلـك بالاعتمـاد علــى الطریقـة التحلیلیـةالرتبــة الثالثـةاللاخطیـة مـن 

تقودنـا  كـذلك .Samolilenkoلاخطیـة لــ لدراسة الحلول الدوریة للمعادلات التفاضـلیة الاعتیادیـة ال
  .Butrisهذه الدراسة إلى توسیع الطریقة السابقة، وكذلك توسیع النتائج التي توصل إلیها 

 
ABSTRACT 

In this study we investigate the existence and approximation of the 
periodic solutions for nonlinear system of differential equations of third 
order with boundary conditions. 

The numerical-analytic method has been used to study the periodic 
solutions of the ordinary differential equations that were introduced by 
Samoilenko. Also these investigation lead us to the improving and 
extending the above method and the results of Butris. 

 
1. Introduction 

There are many subject in physics and technology using 
mathematical methods that depends of nonlinear differential equations 
and boundary value problems and it became clear that the existence and 
uniqueness of periodic solutions and its algorithm structure from more 
important problems in the present time  6,4,1 .    
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The periodic solutions for some nonlinear systems of differential 
equations and boundary value problems have been used to study many 
problems for example  7,5,3,2 . 

In this paper we use the above method for investigating the 
periodic solution for nonlinear system of differential equations of third 
order with boundary conditions. 

Our work is to extend the results of Butris  3 . And also this study 
lead us to the improving and extending the above method. 

Consider the following system of nonlinear differential equation, 
which has the form: 
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dt
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                                                     … … (1.1) 

with boundary conditions 
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                                                                  … … (1.2) 

Here  nRGx  1 , nRGx  2  and nRGx  3  where 321 ,, GGG  are closed 
domain subset of Euclidean spaces nR . 

Let the vectors function: 
 ),,,(.,),........,,,(),,,,(),,,( 21 xxxtfxxxtfxxxtfxxxtf n    

where the function  xxxtf ,,, , is defined and continuous on the domain: 
  321,0),,,( GGGTxxxt                                                       … … (1.3) 

and periodic in  t  of period  T. 
when            ijijijijijij CCCCCCAAAAAA 332211332211 ,,,,,   are 
 nn  matrices. 
 Suppose that the function ),,,( xxxtf   satisfies the following 
inequalities: 

Mxxxtf ),,,(        ,                                                              … … (1.4) 

213212211222111 ),,,(),,,( xxKxxKxxKxxxtfxxxtf     … … (1.5) 
for all   Tt ,0   and  121 ,, Gxxx   , 221,, Gxxx   , 321,, Gxxx    
where  M , 321 &, KKK   are positive constants. 
We define the non-empty sets as follows: 
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where    01
1

11
1

11 xEAcdc
T
t

    ,    02
1

22
1

22 xEAcdc
T
t

    , 

  03
1

33
1

33 xEAcdc
T
t

  ,  E is identity matrixes, and  


 Tt ,0
max . 

 
Furthermore, we suppose that the greatest eigen-value of the 

following matrix: 
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is less than unity. i.e.   
  10max                                                                                 … … (1.7) 

 
Lemma 1: 

Let ),,,( xxxtf   be continuous vector function in the interval  T,0  
then: 

        3
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Satisfying for Tt 0  and  
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)( Tt    where  )1(2)(
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proof: 
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From lemma 1 we obtain: 
    3,,,   tMxxxtLf   

                       32


TM                                                          … … (1.8) 
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     xxxtLftxxxtfL  ,,,,,,2   

                         3
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TM                                                   … … (1.9) 

and 
     xxxtfLtxxxtfL  ,,,,,, 23   

                         3

3

2









TM                                                  … … (1.10) 

 
2. Approximate Solution 

 
The investigation of approximate solution of the problem (1.1), 

(1.2) will be introduced by the following theorem: 
  
Theorem 1: 

If the system (1.1) with boundary conditions (1.2) defined in the 
domain (1.3), continuous in xt,  and satisfy the inequalities (1.4) and 
(1.5), then the sequence of functions: 

   ),(),,(),,(,,,, 000
32

0001 xtxxtxxtxtfLtxtxxxxxtx mmmm       … … (2.1) 
with 

,...2,1,0,),(
),(

,),(
),(

,),( 02
0

2

0
0

000  mxtx
dt

xtxd
xtx

dt
xtdx

xxtx m
m

m
m 

periodic in t with period T, converges uniformly when m  on the 
domain: 

  321000 ,0),,,( GGGTxxxt                                                  … … (2.2) 
to the limit function ),,,( 000

0 xxxtx   which is satisfying the equation: 
   xxxtfLtxtxxxxxtx  ,,,,,, 32

000   ,                           … … (2.3) 
And it’s a unique solution of (1.1) provided that: 
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                       … … (2.7) 

for all   Tt ,0   ,  fGx 10     ,   fGx 20     ,    fGx 30      where 
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Proof: 
Setting m=0 in (2.1) and using lemma 1 and the sequence of the 

functions (2.1) we get: 
   ),(),,(),,(,,,, 000000

3
00001 xtxxtxxtxtfLxxxxtx    

                                    3

3
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TM                                      … … (2.8) 

That is  10001 ),,,( Gxxxtx   ,  for all   Tt ,0  ,  fGx 10   . 
By induction we have:  

   ),(),,(),,(,,,, 010101
3

0000 xtxxtxxtxtfLxxxxtx mmmm    

                                    3

3

2









TM                                      … … (2.9) 

where 1000 ),,,( Gxxxtxm   ,  for all   Tt ,0  , fGx 10  . 
 
By derivative the equation (2.1), and setting m=0, we have: 

   ),(),,(),,(,,,, 000000
2

00001 xtxxtxxtxtfLxxxxtx    

                                    3

2

2









TM                                    … … (2.10) 

That is  20001 ),,,( Gxxxtx   ,  for all   Tt ,0  ,  fGx 20   . 
By mathematical induction we have:  

   ),(),,(),,(,,,, 010101
2

0000 xtxxtxxtxtfLxxxxtx mmmm    

                                      3
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TM                                  … … (2.11) 

that is  2000 ),,,( Gxxxtxm    ,   for all   Tt ,0  , fGx 20  . 
 

By using the second derivative of (2.1) and setting m=0, we get: 
   ),(),,(),,(,,,, 00000000001 xtxxtxxtxtLfxxxxtx    

                                    32


TM                                          … … (2.12) 

That is  30001 ),,,( Gxxxtx   ,  for all   Tt ,0  ,  fGx 30  . 
Also by induction we have:  
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   ),(),,(),,(,,,, 0101010000 xtxxtxxtxtLfxxxxtx mmmm    

                                     32


TM                                         … … (2.13) 

That is 3000 ),,,( Gxxxtxm   ,  for all   Tt ,0  , fGx 30  . 
 
We prove that the sequence of functions (2.1) is uniformly 

convergent in (2.2). From (2.1), when  m=1  we get: 
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Now when  m=2  we get the following: 
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By mathematical induction we have: 
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                                                                                                  … … (2.14) 
for m = 1,2,… . 
Rewrite the inequalities (2.14), in vector from: 
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It follows from inequality (2.15) that: 
m

m
m VV 01                                                                               … … (2.16) 

where 

 
)(max 0,00 t

Tt



 

 

this leads to the estimation: 
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Since the matrix 0  has eigen-values 01   , 02   and  
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then the series (2.18) is uniformly convergent, i.e. 
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The limiting relation (2.19) signifies a uniform convergent of the 
sequence ),,,( 000 xxxtxm  , ),,,( 000 xxxtxm  ,  ),,,( 000 xxxtxm   
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By inequality (2.20), the estimation: 
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                       … … (2.21)  

is true for  m=1,2,3,… 
 

Thus ),,,( 000 xxxtx   is a solution of differential equations (1.1). 

 
3. Uniqueness solution 

 

The study of the uniqueness solution of the problem (1.1), (1.2) 
will be introduced by the following: 
  
Theorem 2: 

Let all assumptions and conditions of theorem 1 be given then the 
problem (1.1), (1.2) has a unique solution ),,,( 000 xxxtxx   on the domain 
(2.2). 
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Proof: 
We have to show to that ),,,( 000 xxxtx   is a unique solution of 

problem (1.1), (1.2). On the contrary, we suppose that there is at least two 
different solutions ),,,( 000 xxxtx   and ),,,(ˆ 000 xxxtx   of the problem (1.1), 
(1.2). 
From (2.3) the following inequalities are holds: 

 )(ˆ)()(ˆ)()(ˆ)(
2

),,,(ˆ),,,( 321

3

000000 txtxKtxtxKtxtxKTxxxtxxxxtx  





                                                                                                      

                                                                                                    … … (3.1) 
on differentiating (3.1) we should also obtain: 
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                                                                                                    … … (3.2) 
on differentiating (3.2) we should also obtain: 
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Inequalities (3.1), (3.2) and (3.3) would lead to the estimation:  
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By iterating we should find that: 
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But  00 m   as  m  ,  hence proceeding in the last inequality 
to the limit we should obtain the equalities ),,,(ˆ),,,( 000000 xxxtxxxxtx   , 

),,,(ˆ),,,( 000000 xxxtxxxxtx    and ),,,(ˆ),,,( 000000 xxxtxxxxtx    which 
proves the solution is a unique and this completes the proof of the 
theorem. 

 
4. Existence of Solution 

 

The problem of existence solution of the system (1.1) is uniquely 
connected with the existence of zeros of the function )( 0x , which has 
the form:- 
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Since this function is approximately determined from the sequence of 
functions: 
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Theorem 3: 

Let all assumptions and conditions of theorem 1 were given, then 
the following inequality: 
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is holds for all 1m  and NGx 0 . 
Proof: 
According to (4.1) and (4.2) we have: 
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where ,  denotes the scalar product in the space 2R  and  1K , 2K , 

3K  , m  are a positive constants. 
 
Remark 1: [7] 

When 1RRn  , i.e. when x is a scalar, theorem 4 can be 
strengthens by giving up the requirement that the singular point should be 
isolated, thus we have.  
 
Theorem 4: 

Let the system of equations (1.1) be defined on the domain (1.3). 
Suppose that for 0m , the function )( 0xm  defined according to 
formula (4.2) satisfies the inequalities: 
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constant. Then (1.1), has a periodic solution )(txx   such that  
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By using the inequalities (4.4) and (4.5) we have: 
 
  







0)()()()(
0)()()()(

2222

1111

xxxx
xxxx

mm

mm
                                    … … (4.7) 

From the continuity of (4.1) and (4.2) there exists a point 0
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Remark 2: [2] 

If the set fG3  dose not degenerate to a point, then the  constant 
of the system (3.2) may be considered as the function ),0( 0x  given 
on the set fGR 3

1  . The properties are defined by: 
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where ),( 0xtx  is the limit of a sequence of periodic functions (2.1), 
then the following inequalities are holds: 
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for all fGxxx 3
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Proof: 

From the properties to the function ),( 0xtx  established by 
theorem 1, it follows that the function )( 0x  is continuous and bounded 
in the domain fGR 3
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By using (4.8), we have: 
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                                                                                                  … … (4.13)  
On differentiating  ),( 1

0
xtx   and  ),( 2

0
xtx ,  we get: 
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                                                                                                  … … (4.14)  
Again on differentiating ),( 1

0
xtx  and ),( 2

0
xtx , we get: 
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                                                                                                  … … (4.15)  
 

Using the inequalities (4.13), (4.14) and (4.15) in (4.11) we have 
the inequality (4.10), and this proves the theorem. 
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